Abstract. We show that a unipotent vector bundle on a non-Kähler compact complex manifold does not admit a flat holomorphic connection in general. We also construct examples of topologically trivial stable vector bundle on compact Gauduchon manifold that does not admit any unitary flat connection.
Let M be a compact connected complex manifold. A holomorphic vector bundle E −→ M is called unipotent if there is a filtration of holomorphic subbundles
such that for every i ∈ [1 , ℓ], the quotient E i /E i−1 is a holomorphically trivial vector bundle. If M is Kähler, and E is unipotent as above, then there is a flat holomorphic connection on E that preserves each subbundle in (1) [BG, p. [FL] for related results.
It is natural to ask whether the same result holds for unipotent bundles on compact complex manifolds. We will construct an example showing that it does not hold.
Fix integers m , n ≥ 1, and fix τ ∈ C with Im τ > 0. This gives the elliptic curve T := C/(Z ⊕ τ · Z). Let M be the corresponding Calabi-Eckmann manifold [CE] . We recall that M is diffeomorphic to S 2m+1 × S 2n+1 , and it is the total space of a holomorphic principal T -bundle over CP m ×CP n . The complex manifold M does not admit any Kähler metric because Bo, p. 216, Theorem 9 .5] (see also [Ho, p. 232] ). Let
be a nontrivial extension given by some nonzero element of
Since the extension in (2) is nontrivial, it can be shown that the holomorphic vector bundle E is nontrivial. Indeed, if E is holomorphically trivial, then take any holomorphic section
that is not a multiple of the section given by ι in (2). Since the composition p • s is nonzero, it must be an automorphism of O M . Hence s generates a line subbundle of I. BISWAS AND C. FLORENTINO E which splits the short exact sequence in (2). But this exact sequence does not split. Therefore, we conclude that E is not holomorphically trivial.
Consequently, E is a nontrivial unipotent vector bundle. But E does not admit any flat holomorphic connection because M being simply connected, any holomorphic vector bundle on M admitting a flat holomorphic connection is holomorphically trivial, while we know that E is not holomorphically trivial.
Consider the short exact sequence of sheaves on M
where O * M is the multiplicative sheaf of nowhere vanishing holomorphic functions. Since
, from the long exact sequence of cohomologies for this short exact sequence it follows that
Since Pic(M) is connected, all holomorphic line bundles on M are topologically trivial.
Therefore, any nontrivial holomorphic line bundle on M is topologically trivial but does not admit any unitary flat holomorphic connection (because M being simply connected there are no nontrivial flat holomorphic connection on M).
Any holomorphic line bundle on M is stable with respect to any Gauduchon metric on M. Consequently, M has topologically trivial stable vector bundles that do not admit any unitary flat holomorphic connection. (Compare this with [Bi] .)
We recall that the Hitchin-Kobayashi correspondence implies that any stable vector bundle E with c 1 (E) = 0 = c 2 (E) on a compact Kähler manifold admits a unique unitary flat holomorphic connection (here c i are rational Chern classes).
